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Abstract Long-term behavior of nonlinear deterministic continuous time signals can be studied in
terms of their reconstructed attractors. Reconstructed attractors of a continuous signal are meant to
be topologically equivalent representations of the dynamics of the unknown dynamical system
which generates the signal. Sometimes, geometry of the attractor or its complexity may give
important information on the system of interest. However, if the trajectories of the attractor behave
as if they are not coming from continuous system or there exists many spike like structures on the
path of the system trajectories, then there is no way to characterize the shape of the attractor. In
this article, the traditional attractor reconstruction method is first used for two types of ECG
signals – Normal healthy persons (NHP) and Congestive Heart failure patients (CHFP). As
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common in such a framework, the reconstructed attractors are not at all well-formed and hence it is
not possible to adequately characterize their geometrical features. Thus, we incorporate frequency
domain information to the given time signals. This is done by transforming the signals to a timefrequency domain by means of suitable Wavelet transforms (WT). The transformed signal
concerns two non-homogeneous variables and is still quite difficult to use to reconstruct some
dynamics out of it. By applying a suitable mapping, this signal is further converted into integer
domain and a new type of 3D plot, called integer-lag plot, which characterizes and distinguishes
the ECG signals of NHP and CHFP, is finally obtained.

Keywords Nonlinear dynamics, Phase space reconstruction, Chaos, Signal
analysis, Wavelet transform

I Introduction
The human heart is controlled by a series of electrical discharges from specific
localized nodes within the myocardium (cardiac muscle). These discharges
propagate through the cardiac muscle and stimulate contractions in a coordinated
manner in order to pump deoxygenated blood via the lungs (for oxygenation) and
back into the vascular system. The physical action of the heart is therefore
induced by a local periodic electrical stimulation. As a result of the latter, a
change in potential can be measured during the cardiac cycle by electrodes which
are attached to the upper torso of people (usually both side of the heart). This
recorded signal is known as electrocardiogram (ECG) [1]. A typical ECG [1]
waveform (not containing noisy components) comprises an initial P-wave,
followed by the main ‘QRS’ complex and then a trailing T-wave. These waves are
defined as follows: P-waves indicate low voltage fluctuations caused by the
depolarization of the atria prior to contraction. The atria contain very little muscle
and thus the voltage change is quite small. The QRS complex is recognized by the
largest-amplitude portion of the ECG [1] caused by the ventricular depolarisation.
The time during which ventricular contraction occurs is referred to as the systole.
Although atrial repolarisation occurs simultaneously, it is not observed because of
the low amplitude of the signal generated by this process. The T-wave is
generated by the ventricular repolarisation. Besides those components, ECG [1]
contains two minor components, known as U and V. Since filtered ECG [1] is
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considered deterministic, it is desirable to analyze the signal in terms of phase
space dynamics [2-18], in order to understand the long-term features of ECG [1].
Given a certain observed signal, one may introduce a hypothetical model of that,
in a Phase space [2-18] which is assumed to be a subset of a Euclidean space of
given finite dimension, and people try to understand the long term, steady state
properties of the real dynamics in this phase space. It is often seen that phase
space [2-18] trajectories remain confined within a bounded region, even in the
presence of complex, erratic behavior. This happens, e.g; in chaotic dynamics [218], whose typical trajectories are dense in this bounded region and those that do
not start there are attracted to it. For this reason, this bounded region is called
chaotic attractor [2-18].
But usually it is hard to obtain the proper phase space dynamics [2-18] for such
complex signals as those of the heart. In these cases, signal analysis through
attractor reconstruction [2-18] may constitute a valid approach to retrieve the
important information on the original dynamics, although that may be far from
trivial to do.
Attractor reconstruction [2-18] requires a proper time-delay and a proper
embedding dimension [21-23]. Proper time-delay is generally obtained by the
method of Average Mutual Information [19,20] and proper embedding dimension
[21-23] is obtained by method of False nearest neighbour. Once the attractor is
reconstructed, people generally try to characterize it e.g; by means of information
entropies, fractal and multi-fractal properties, and other dynamical quantities
conveying statistical information on the dynamics, which is useful in many
applications [24-25]. Moreover, these measures are very effective to quantify the
attractor precisely. Whatever the form of the attractor, the main aim is to identify
the proper dynamics of the system.
In this article, an alternative study is first tried based on the shape of the chaotic
attractors which are reconstructed from ECG [1] signals of Normal healthy
persons and Congestive heart failure patients. The main purpose is to quantively
differentiate these two groups of patients. The least embedding dimension [21-23]
of the signals is found to be three, hence the comparison of the ECG [1] signals of
normal healthy subjects and Congestive heart failure patients, is performed in 3dimensional spaces. However, the corresponding attractors are not well-formed
(not dense in any bounded region) in most of the cases and thus it is not possible
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to use them to properly interpret the signals. One possible reason is that the time
domain information is not sufficient to reconstruct the proper attractor using the
procedure outlined above. So, here we add the frequency domain information to
the time domain information, by transforming the time domain to a timefrequency domain signal, using a suitable wavelet transform (WT) [26-40]. This
reveals the wavelet spectrum on different scales in different times. Thus the
transformed signal is characterized by a matrix whose rows/columns contain
time/frequencies domain information, but it is quite difficult to reconstruct a
dynamics from this 2-dimensional signal. Therefore, by applying a suitable
integer mapping, the whole signal is further converted into the integer domain and
then by introducing a new correlation measure a suitable integer lag is
determined. With this lag, a 3D integer-lag plot is constructed for all ECG [1]
signals and the result is that the trajectories now look like as dense in well formed
3D attractors.
One may think that transforming into integer domains, information is lost. But this
is not our case, because our integer mapping only transforms the signal from a
two dimensional arrays to a one dimensional array, in such a way that the
components of the signal still contain all the information about time and
frequency domain.
Since the integer-lag plots thus constructed are well-formed for the ECG [1]
signal of both normal healthy subjects and Congestive heart failure patients, an
attempt has been made to quantitatively characterize these integer-lag plots and
thereby to distinguish the NHP from the CHFP. This is done by fitting an ellipsoid
to the well formed integer-lag plots, and noticing that this ellipsoid axes play a
major role in this context.

2 Subjects
The ECG [1] signals of the controlled and experimental subjects are downloaded
from MIT-BIH Long term Database (Itdb) available in Physio Bank in Physionet
[41].This database contains 7 long-term ECG [1] recordings (14 to 22 hours each),
with manually reviewed beat annotations. The ECG [1] signals interval data of
Congestive heart failure patients (chf2db) are also downloaded from same
website. The data is supplied by BIDMC Congestive Heart Failure Database.
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This group of subjects was part of a larger study group receiving conventional
medical therapy prior to receiving the oral inotropic agent, known as milrinone.
The individual recordings are each about 20 hours in duration, and contain two
ECG signals each sampled at 250 samples per second with 12-bit resolution over
a range of ±10 millivolts. The original analog recordings were made at Boston's
Beth Israel Hospital (now the Beth Israel Deaconess Medical Center) using
ambulatory ECG recorders with a typical recording bandwidth of approximately
0.1 Hz to 40 Hz. Annotation files (with the suffix .ecg) were prepared using an
automated detector and have not been corrected manually.

3 Time domain analysis
3.1 Test for Nonlinearity
Surrogate data method, initially introduced by Theiler et al. [42] investigates the
existence of nonlinearity in the underlying experimental data. This method
proposed a null hypothesis for a specific process class and then compares the
system output to this hypothesis. In order to test a null hypothesis at a level of
2
1
significance  , one has to generate   1  surrogates for a one sided (both
  

sided) test. Then, a suitable statistic is chosen and its value for the original data is
compared to the same of the surrogates. If the value of the statistic of the data
deviates from that of the surrogates, then the null hypothesis may be rejected. In
this concern, Diego L. Guar´ın L´opeza et al. present a new surrogate data method
[42-45] which is most effective to test nonlinearity for all types of signals
(stationary and non-stationary). This method has three steps – a) generate 99
surrogate data by Amplitude Adjusted Truncated Fourier Transform (AATFT)
[42-45] from the observed data, b) select the nonlinear version of autocorrelation
statistics – Average Mutual Information (AMI) [19,20] (with m=1) as
discriminate statistics, c) consider a null hypothesis against which observations
are tested. In this connection, the null hypothesis ( H 0 ) is taken as
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H0 : AMIexperimental signal m  1  AMI SUR(experimental signal) m  1 .

The measure AMI [19-20] with m=1, plays a crucial role to quantifying the
nonlinear characteristic of the time series. If this number is different for the
observed data, then the null hypothesis can be rejected with level of significance

  0.01 .
To test the nonlinearity of the ECG [1] signals of NH and CHF, the aforesaid
Surrogate data test [42-45] is applied with 0.01 significant level and the statistical
parameter AMI   1 (Average Mutual Information with time-lag 1). Two of
them, one for the ECG [1] signal of normal healthy subjects and the other for the
Congestive heart failure patients are presented in Fig.1a and Fig.1b respectively.

(a)

(b)

Fig.1 (a) AMI Normal (   1 )=AMI SUR(Normal) (   1), (b) AMI CHF (   1)=AMI SUR(CHF) (   1 ).
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for the ECG [1] signals of the NHP and CHFP respectively. In both the cases, if
the equality does not hold, we say that null hypothesis fails and alternative H A
holds. From Fig.1a and Fig.1b, it is seen that in this case the AMI [19, 20] of
surrogate data differ from the AMI [19, 20] of the given signals. Hence the null
hypothesis
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H 0 : AMI CHF   1  AMI SUR (CHF)   1

is rejected, and the nonlinearity of the ECG [1] signal of NHP and CHFP is
established through Surrogate data test [42-45].
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3.2 Phase space reconstruction in time domain
Takens’ theorem states that it is possible to reconstruct a topologically equivalent
phase spaces [2-18] from a single time series [16], if the suitable time delay and
proper embedding dimension [21-23] can be identified. Let us consider the time
series data given by {x (k ) , k 

1, 2, . . ., N} .

Suppose the embedding dimension [21-

23] and the delay time for reconstruction of the attractor are m and 
respectively. Then reconstructed Phase space is given by
X (k ) 

where

{ x ( k )} is

 x ( k ), x ( k   ), x ( k  2 ), ....., x ( k  ( m  1) )  , k

 1, 2 , ..., M ,

the phase space’s point in the m-dimensional phase spaces, M is

the number of phase points, M  N -  m - 1 , describes the evaluative trajectory of
the system in the phase spaces. Reconstruction of the attractor is guaranteed if the
dimension of the phase spaces is sufficient to embed the attractor. It is ensured,
when

m  2 d  1 holds,

where

d

is the dimension of the attractor. Of course, what

is mathematically possible is not always practical, and in this case it is very hard
to reconstruct in practice attractors with d larger than 5 or 6, because of the
enormous statistics that would be required. As we are restricted to three
dimensions, this is not a direct concern for us.
For the nonlinear signal, suitable time delay is calculated by the method of AMI
[19, 20]. The mutual information is a measure of how much information can be
derived from one point of a time series, given complete information about the
other. On the other hand, embedding dimension [21-23] is calculated by FNN, but
since the minimum embedding dimension [21-23] for the ECG [1] signals of NHP
and CHFP is found to be three, we reconstruct the attractors of these ECG [1]
signals with embedding dimension [21-23] three.
The time-delay obtained by AMI method [19,20] for the ECG [1] signals of NHP
and CHFP are given by Fig.2a and Fig. 2b respectively.
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(a)

(b)

Fig.2 Value of the time-delay for which first positive minimum AMI occurs for the ECG signals
of (a) NHP, (b) CHFP. For Fig. 2a, X-axis represents sample number of ECG signals of NHP and
for Fig. 2b it represents the sample number of CHFP. In both cases, Y-axis represents the timedelays.

It is evident from Fig. 2a and Fig. 2b that most of the cases possess very large
time-delay for which first positive minimum AMI [19,20] occurs. In fact, this is a
primary indication that the attractor may not be well formed. The reconstructed
attractors are given in Fig.3.

(a)

(b)
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(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)
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(k)

(l)

(m)

(n)

Fig.3 Reconstructed three dimensional attractors of the ECG – NHP with time-delay described in
Fig.2a [(a) – (g)] and CHFP with time-delay described in Fig.2b [(h) – (n)].

It is observed that, the reconstructed attractors in Fig.3a are not well formed. Most
of the trajectories contain spike like structures, which is quite unnatural for
continuous signals with slowly varying gradients and smooth trajectories.

4 Time-Frequency domain Wavelet analysis
4.1 Integer-lag plots
Let  x(k )k 1 be a nonlinear, non stationary and deterministic signal. First of all,
N

our task is to find out the proper wavelet for the transformation [26-40]. For this
purpose, we calculate the father wavelet, i.e., a scaling function. Then by Multiresolution analysis (MRA), we find the mother wavelet (t ) . Finally, the WT of
the signal  x(k )k 1 is given by
N



W x(a, b) 

t a
 dt.
b 

 x(t ) 
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The spectrogram is therefore constructed by plotting W x(a, b) against ‘a’
(time/space) and ‘b’ (scale).

(a)

(b)

(c)

(d)

(e)

(f)
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(g)

(h)

(i)

(j)

(k)

(l)

(m)

(n)

Fig.4 3D representation of Wavelet transforms of the ECG signals for NHP [(a)-(g)] and CHFP
[(h)-(i)]. The suitable wavelets for these wavelet transforms of the are – (a) Sym2, (b) Db2, (c)
Sym2, (d) Db2, (e) Db2, (f) Db2, (g) Haar; (h) Db3, (i) Db2, (j) Db2, (k) Db 2, (l) Db3, (m) Db2,
(n) Db2.
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The above spectrogram contains a matrix array which is given by W x ( a , b )
.
M N
Now, we define a mapping g :      (  be the set of natural numbers) such
that g ( a, b)  ( a  1) N  b , which transforms the matrix W x ( a , b ) 
into a single
M N
time series in integer domain denoted by  z ( r )MN 1  z ( r )r 1 . The autocorrelation
MN

in integer domain is then defined by

R ( ) 







MN 

z (r   )  z (r   ) z (r )  z (r )
r 1
,
2 MN 
2
MN 


z (r   )  z (r   )
z (r )  z (r )
r 1
r 1







(1)



  1, 2,..., ( MN  1).

The optimum lag (  ) is the one for which R ( ) attains its first positive minimum.
The

three

dimensional



reconstructed

integer-lag

plots

are

given

by



Z (r )  z (r ), z (r   ), z (r  2 ) , r  1, 2,..., L, L  MN - 2 .

The proper integer-lag for the ECG [1] signals of NHP and CHFP are shown in
Fig.5 .

(a)

(b)

Fig.5 Integer-lag for which the first positive minimum R ( ) given by Eq. (1) occurs for the ECG
signals of (a) NHP, (b) CHFP. For Fig. 6a, X-axis represents sample number of ECG signals of
NHP and for Fig. 6b it represents the sample number of CHFP. In both cases, Y-axis represents the
integer- lags.
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The integer-lag plots of the all ECG [1] signals are shown by Fig.6.

(a)

(c)

(e)

(b)

(d)

(f)
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(g)

(h)

(i)

(j)

(k)

(m)

(l)

(n)

Fig.6 3D Integer-lag plots of the ECG signals of NHP and CHFP with integer-lags described in
Fig.5a [(a) – (g)] and CHFP with integer-lags described in Fig.5b [(h) – (n)].
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It is found from Fig. 6 that all the plots are well-formed and nearly elliptical in
shape. So these plots are fitted with ellipsoid for the purpose of quantifications.

4.2 Quantification of the Integer-lag plots
Let  z  r r 1 be a discrete signal. Let the three dimensional integer-lag plot be
MN

constructed by sub-dividing this signal into three groups as z  , z  , z  with same
delay  , where
z    z  r r 1

MN  2

, z    z  r r 1 , z    z  r r 1 2 ,   1, 2,..., ( MN  1).
MN 

MN

We transform this coordinate system by a three dimensional rotation with same
angle


with respect to X, Y and Z axis. The transform is given by
4


 2 2z  

 
2 1 z  


2 1 z

zm  2 2z  2 1 z  2 1 z ,
zm







,

zm  2z  2z  2z ,

Thus a new co-ordinate system ( zm , zn , z p ) is formed.
Let
zm  Mean  zm  , zn  Mean  zn  , z p  Mean  z p  and SD1  Var ( z m ), SD2  Var ( z n ) ,

SD3  Var ( z p ). Finally, an ellipsoid centered at ( zm , zn , z p ) with three axes of

length SD1 , SD2 , SD3 is taken for quantification of existing integer-lag plots.
The values of SD1 , SD2 , and SD3 calculated for each of the integer-lag plots of
NHP and CHFP (given by Fig.6) are shown by Fig.7a, Fig.7b and Fig.7c
respectively.

(a)

(b)
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(c)

(d)

Fig.7 (a) Graph of SD1 against NHP and CHFP samples, (b) Graph of SD2 against NHP and CHFP
samples, (c) Graph of SD3 against NHP and CHFP samples, (d) Graph of abs(SD2-SD3) against
NHP and CHFP samples. In all of the three graphs, blue line indicates the value of the three axes
of the fitted ellipsoid for NHP and red line indicates the same for CHFP.

It is evident from Fig. 7 that the values of all the three axes of the fitted ellipsoid –

SD1 , SD2 , and SD3 for the ECG [1] signals of NHP are greater than that of the
same for CHFP in each and every cases. But the minimum value of blue lines
appears greater than the maximum value of red lines in Fig. 7a and Fig. 7b. This
indicates that SD2 and SD3 cannot be considered as quantifying parameter due to
indefinite trend of their values. However, SD1 and abs (SD2 -SD3) have a definite
trend and hence both of them may be taken as quantifying parameters to
characterize and distinguish ECG [1] signals of NHP and CHFP.

5 Conclusions
The analysis of ECG [1] signals for NHP and CHFP introduced in this article is
new of its kind. In fact, the standard nonlinear analyses in time domain fail to
describe the long term behavior of the ECG [1] signals and hence cannot
distinguish the ECG [1] signals of NHP and CHFP. The possible reason of failure
is that the time domain information of the continuous ECG [1] signals is not
sufficient to characterize the signals. Thus we have incorporated the frequency
domain information with the time domain ECG [1] signals through Wavelet
transform [26-40] of the signals and then, for the purpose of getting well-formed
attractors, we have introduced the 3D integer-lag plots. These integer-lag plots are
finally quantified by fitting a suitable ellipsoid to them. The three axes of the
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ellipsoid – SD1, SD2 and SD3 jointly serve as parameters that distinguish the
normal healthy persons (NHP) from the Congestive heart failure patients (CHFP).
The purpose of the present article is two folded. In one fold, this new analysis
stands as a substitute for the time domain analysis, when it fails to describe the
long term behaviour of the signals. In the other fold, this new tool can be used in
clinical settings for early detection of the life threatening Congestive heart failure.
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